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Abstract
Using the topological membrane approach to string theory, we suggest a geo-
metric origin for the heterotic string. We show how dierent membrane bound-
ary conditions lead to dierent string theories. Using zeta-function regular-
ization, we show that the Casimir energy distinguishes between the heterotic
boundary conditions and all others. This may be the reason why topological




The heterotic string construction [1, 2], in which left and right sectors are taken from
dierent string theories (critical bosonic and superstrings in the original papers [1]), has no
clear geometrical meaning within string theory itself. Although the left and right sectors
may each separately be viewed geometrically as a two-dimensional conformal eld theory
on a two-dimensional random surface (the worldsheet), the heterotic construction remains
somewhat hybrid. The construction becomes more natural in the topological membrane
approach to string theory [3, 4], in which the basic idea is to ll in the string worldsheet
and view it as the boundary of a three-manifold. If inside the three-manifold there is a
topologically massive gauge theory (tmgt) [5], it induces the chiral gauged Wess-Zumino-
Novikov-Witten (wznw) action on the boundary worldsheet. This picture is based upon
the remarkable connection between Chern-Simons and conformal eld theories discovered
in [6] and elaborated in [7]. Based partly upon the earlier work of [8], it was then found
[3, 4] that the boundary degrees of freedom are also induced in tmgt, where massive
vector particles propagate in the bulk.
It is interesting to note that the same picture can be used to describe edge excitations
in quantum Hall systems with boundaries. A nice theory of chiral edge states based on this
approach was constructed in [9]. In some sense, gapless edge states in planar condensed
matter systems are the \solid-state model" for chiral string sectors.
The basic property allowing a three-dimensional string construction is the chiral nature
of the induced conformal elds on the boundary. To reproduce bosonic string theory, of
course, we need both left- and right-movers. We can accomplish this by replacing the
closed string with an annulus or cylinder (Fig. 1) with two boundaries | external and
internal or left (l) and right (r). The bulk theory with gauge group G induces a chiral
wznw model with left-movers on the left boundary l and a chiral wznw model with right-
movers on right boundary r with Kac-Moody symmetriesG(l) and G(r), respectively. But
then how is it possible to formulate heterotic string theory [1], where left and right sectors
have to be dierent? The crucial idea is that we can impose dierent boundary conditions
on the left and right boundaries | and this is possible only in tmgt, where the gauge
eld propagates in the bulk, and not in a pure Chern-Simons theory where there are
no such propagating degrees of freedom in the bulk, only topological ones. This makes
topological membranes so important. By choosing dierent boundary conditions (which
we shall discuss in detail later) we can induce conformal degrees of freedom on only one
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boundary, say the left one. Then, if the bulk tmgt has a semisimple gauge group G1G2
and by imposing opposite boundary conditions for the groups G1 and G2, we will get left-
movers with Kac-Moody symmetry G1(l) and right-movers with Kac-Moody symmetry
G2(r).
One of the most important questions arising immediately is why does the topological
membrane \prefer" the heterotic-type of boundary conditions? The aim of this letter is
to demonstrate that there is a dynamical reason for this. This reason is the celebrated
Casimir eect [10], which is a beautiful and simple manifestation of the influence that
boundaries have on quantum eld theories (see for example [11]). The geometry we shall
consider here is the cylinder I  S1, with the interval I having length L and the two
boundary circles S1 having equal radii R. For simplicity, we shall only consider the case
where R >> L which, in the limit R ! 1, is equivalent to two innitely long parallel
wires held a distance L apart, i.e. the (2+1)-analogue of Casimir’s original scenario.
Assuming the wires to be perfectly conducting, it was shown [12] that such a geometry
has an attractive Casimir force, and it was speculated that this could provide a way to
measure the topological mass of the photon. Motivated by our membrane approach to
string theory, we generalize these boundary conditions to allow for the possibility of edge
states. Rather than adopting the approach of [12], namely calculating the vacuum stress-
energy tensor in terms of local Green’s functions, we prefer to sum the series of energy
eigenvalues corresponding to the zero-point eld modes. Both methods should lead to the
same result but often problematic subtleties arise because of the innities involved and the
dierent regularization schemes that one may choose. We employ the modern approach
for calculating the Casimir energy, namely the zeta-function regularization scheme (see
for example [13]). In this letter we shall consider only the simplest case of abelian tmgt
with cylindrical geometry in the limit R ! 1, i.e. when there is only one scale L. The
more general case with nite R, other type of geometries (toroidal, for example) and also
incorporating supersymmetry, etc. will be considered in a more detailed publication [14].
We begin by discussing the most general boundary conditions in tmgt and show which
conditions lead to boundary degrees of freedom (chiral edge states) and which do not.
For the case of innite parallel wires, we give a complete specication of all the possible
boundary conditions, for each of which we calculate spectrum of the bulk excitations and
resultant Casimir energy. As we shall see, this energy distinguishes between heterotic
boundary conditions (i.e. when edge excitations are induced only on one boundary) and
all others. Thus the bulk Casimir energy may be the reason why topological membranes
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naturally lead to heterotic strings.
2. Boundary conditions and edge states from TMGT
Let us consider how an abelian tmgt induces chiral edge excitations on the boundary
and how it depends on the boundary conditions for the gauge eld. There are numereous
papers in which this question was discussed, here we follow the lines of [15]. The theory














If the three-manifold M is compact, then varying the action with respect to A yields





F = 0 ; (2.2)
where m = γk=4. The Bianchi identity @F  = 0 on the dual eld strength F  =
1
2
F follows immediately from (2.2). Moreover, taking the curl of (2.2) shows that
the gauge eld is indeed massive:
(@2 +m2)F  = 0 ; (2.3)
with one propagating degree of freedom (recall that a gauge eld in d-dimensional space-
time descibes d− 2 degrees of freedom, i.e. 3− 2 = 1 in our case).


























To obtain a sensible path integral, with a well-dened classical limit, the boundary terms
must somehow vanish. This problem is equivalent to choosing the necessary boundary
conditions in order to solve the equations of motion. We may, if we wish, x both Az
and Az on @M, thus eliminating the surface terms in (2.4). Although such boundary
conditions are permitted in tmgt, they are incompatible with the pure Chern-Simons
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limit γ !1, where [Az; Az] 6= 0. We may, instead, x Az and the commuting conjugate





Although the combined action S = S1 + S2 can now be extremized, it is no longer gauge
invariant. The point is, however, that with the addition of S2 and upon gauge xing,
some gauge degrees of freedom become dynamical on @M. This is best seen via the
Faddeev-Popov gauge-xing procedure.











Az@z −Az@z ; (2.7)











(Az@z +Az@z + @z @z) : (2.8)
The combined action transforms as













(@z @z − 2Az@z) (2.10)
is the U(1) version of the chiral wznw action for  coupled to Az.












where F ( A) = 0 is the gauge-xing condition and FP is the Faddeev-Popov determi-
nant. Under the change of variables A! A, the partition function factorizes as
Z =
Z














nz ] : (2.12)
The rst term is the standard gauge-xed path integral for tmgt, describing a massive
photon propagating in the bulk, while the second term is a surface contribution describing
a chiral wznw model at level k. The wznw action involves only the elds Az and nz,
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which are xed by the boundary conditions, and so the bulk and surface contributions
completely decouple.
Note that it is the inclusion and subsequent gauge-xing of S2 which generates a
kinetic term for , thereby causing some gauge degrees of freedom to become dynamical
on @M. For if we were to instead x both Az and Az on @M, we need not add S2 in













If  is non-compact, we get a -functional which tells us that the boundary conditions for
Az and Az must be compatible the with zero curvature constraint Fzz = @zAz− @zAz = 0
on @M. This constraint holds when the boundary @M is perfectly conducting, for which
the tangential component of the eld strength must vanish. (If  is compact we get the
constraint mod 2). Also note that if @M = 0, then the integral over the gauge group
gives an overall constant which can be factored out and absorbed into the normalization
of Z.
3. Casimir eect in TMGT
We now consider abelian tmgt dened between two innitely long parallel wires held
a distance L apart. The coordinate system is chosen such that the two wires are parallel
to the x2 spatial axis and lie, respectively, on x1 = 0 and x1 = L. We impose the gauge
condition A0 = 0 so that on both boundaries the value of A0 is xed. According to our
analysis of the previous section, there will be no dynamical edge states on a particular
boundary if we further x A2 = 0 (but 12 6= 0) on that boundary. We denote this
scenario by n=non-conformal. Allowing A2 to vary, however, and instead xing 12 = 0,
allows for the existence of edge states. We denote this scenario by c=conformal. These
considerations hold on both boundaries and so we have each of the following possibilities:
n-n, c-c, n-c and c-n. As it has been explained in the introduction, these boundary
conditions correspond to the following string constructions:
nn = no string




= heterotic string :
(3.1)
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In a realistic heterotic string construction, of course, we would have to consider the direct
product of two gauge groupsG1G2 with nc boundary conditions forG1 and cn boundary
conditions for G2, and with one of these groups incorporating susy tmgt. However, as
we shall soon see, it is the linearized spectrum of the massive bulk excitations which will
be important and even non-abelian tmgt in this approximation has weakly interacting
massive \gluons" with the same properties as the massive \photon" we consider here. So
the U(1) case is really instructive.
Plane-wave solutions to (2.3) can be constructed from the gauge potential (A0 = 0):
Ai(x) = ai(x1)e
i(!t−k2x2) i = 1; 2 (3.2)
where the explicit form of ai(x1) is determined by the boundary conditions. nn boundary
conditions are A2(x1 = 0) = A2(x1 = L) = 0, which are satised by
a2(x1) = sin k1x1 with k1 = n=L : (3.3)

















k1 cos k1x1 + ik2 a1(x1)

ei(!t−k2x2) ; (3.5)
which is indeed non-vanishing at x1 = 0 and L if a1(x1) = cos k1x1. Thus the gauge






ei(!t−k2x2) with k1 = n=L : (3.6)
The corresponding dual eld strength is
F  = @A =










2 (nn & cc) : (3.8)
The same spectrum, as we shall see later, appears also for cc boundary conditions. Note
that nn boundary conditions correspond to the perfectly conducting case (see discussion
after (2.13)) since E2 = F 1 = 0 on @M.
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The gauge potential satisfying nc boundary conditions is exactly the same as Eq. (3.6)
except that now k1 = (n + 1=2)=L. As before, there will be no edge states induced on
the boundary x1 = 0 since A2(x1 = 0) = 0. However, because now the spectrum is half
integer, A2(x1 = L) 6= 0 and so edge states will be induced on the boundary x1 = L.
Moreover, we have 12(x1 = L) = 0, which ensures the action (2.1) has a well-dened









2 (nc & cn) : (3.9)
In order to induce edge states on both boundaries, we must impose cc boundary
conditions, namely A2 6= 0 at x1 = 0 and x1 = L. This occurs if
a2(x1) = cosk1x1 with k1 = n=L : (3.10)





− k1 sin k1x1 + ik2 a1(x1)

ei(!t−k2x2) ; (3.11)
which vanishes at x1 = 0 and L if a1(x1) = sin k1x1. Thus the gauge potential satisfying






ei(!t−k2x2) with k1 = n=L : (3.12)
The corresponding dual eld strength is
F  =
0B@ (−k1 + ik2) sin k1x1−i! cos k1x1
i! sin k1x1
1CA ei(!t−k2x2) (3.13)
with spectrum indentical to Eq. (3.8). It is straightfoward to check that taking k1 =
(n+ 1=2)=L in Eq. (3.12) corresponds to the cn case, with edge states at x1 = 0 but not
x1 = L. The corresponding cn spectrum is identical to (3.9).
We now calculate the Casimir energy for each of the above gauge eld congurations.

























where  = 0 corresponds to nn and cc boundary conditions, and  = 1=2 to nc and
cn. Thus the heterotic nc boundary conditions lead to a dierent spectrum of the bulk
excitations in comparison with cc (usual closed strings) or nn (no-string) boundary con-
ditions!
Both the sum and the integral in (3.15) diverge. Replacing the power 1=2 in the
integrand with −s=2, where s is a complex variable, the integral can be evaluated as the
















(n+ )2 + q
o1−s
2 ; (3.16)
where q = (mL=)2. The analytic continuation of this series, known as an Epstein-
Hurwitz zeta function, has been performed by Elizalde [16]; we simply quote the general



















where K is the modied Bessel function of the second kind [17]. The above series turns
out to be very quickly convergent for Im  <
p
q. Substituting t = −(1− s)=2 and then















where (+) corresponds to nn and cc boundary conditions and (−) to nc. The rst
term in (3.18) is independent of the separation L between the wires and gives a constant
(negative) energy density. Using the Euler-Maclaurin summation formula, for example,




k2 +m2 d2k=(2)2 and, as such, can be dropped because it is actually part of
the divergent vacuum energy in the L!1 limit. Using the identity [17]















e−2nmL(1 + 2nmL) : (3.20)
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Note that we recover pure Maxwell theory in the limit γ ! 0 in (2.1). Hence taking the
















which agrees with the calculations of Ref. [11] for the Casimir energy between perfectly
conducting (nn) parallel wires in 2 + 1 electrodynamics. In the limit γ !1, the action
(2.1) reduces to the pure Chern-Simons theory and taking m ! 1 in (3.20) we obtain
E0 = 0, as we should expect for a topological theory.
The Casimir force (per unit length) resulting from the energy density (3.20) is




















It is quite remarkable that the alternating sum in (3.22) distinguishes the heterotic (−)
constrution from all the others. In the non-heterotic (+) case, we obtain an attractive
Casimir force which has the form of a Debye function:









dt (nn & cc) : (3.23)
Since the no-string nn boundary conditons are also perfectly conducting, we have recov-
ered the result of [12] which was obtained by calculating the vacuum stress-energy tensor
in terms of local Green’s functions.
Since the Casimir force (3.23) is attractive, the topological membrane is unstable and
starts to collapse. The actual picture of this collapse depends on the gravitational sector of
the topological membrane and will be considered in separate publication. It is important,
however, that the heterotic (−) construction is dynamically distinguished by the fact
that it has a repulsive Casimir force. This means that the membrane expands and will
continue to do so until we can no longer assume R >> L. Whether or not the eects of
the cylindrical geometry will stabilize the membrane at some scale is being investigated
[14].
4 Conclusions
In this letter we have studied the connection between dierent types of boundary con-
ditions in the topological membrane theory and their corresponding Casimir energies,
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i.e. the rst quantum corrections to the bulk energy of the membrane. The rst impor-
tant conclusion is that one can obtain an heterotic construction from a specic choice
of boundary conditions and this is only possible in tmgt, not in a pure Chern-Simons
theory. The second result is an amusing fact that even in the simplest possible case we
considered, the heterotic boundary conditions are denitely distinguished dynamically.
We saw that for all possible types of boundary conditions, exept heterotic, the membrane
is unstable and starts to collapse | in which case it (presumably) disappears. For het-
erotic boundary conditions, the sign of the Casimir force is opposite and the membrane
may be stabilized. We hope that it is a general property of the membrane theory that
the heterotic boundary conditions will arise dynamically for more general geometries, for
instance all possible topologies of the world-sheet, and also for more generalized matter
content inside the membrane, e.g. non-Abelian tmgt, susy, etc. To obtain a realistic
heterotic construction, of course, we also need to address what are the bulk analogues of
the gso projection and modular invariance constraints, etc. The work in this direction is
in progress [14]. If indeed it proves to be correct, not only will it be possible to understand
the geometric origin of the heterotic construction, which, as we have discussed, is ulti-
mately connected with some specic choice of boundary conditions for the gauge elds,
but it will also provide a dynamical reason why this construction is preferable. It is also
interesting that the same ideas might provide a dynamical argument in favour of certain
p-brane congurations arising in recent discussions [18] of M theory and duality between
string theories. It is a challenging question whether the \TM theory" (i.e. topological
membrane theory) can be connected with M theory.
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Figure 1: Mapping the annulus to the surface of the cylinder.
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